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ABSTACT 

In this paper, we presented initially preinvex stochastic processes on real number set, and obtained 
Hermite-Hadamard type inequality for these processes. Consequently, we identified 
multidimensional preinvex stochastic processes and verified Hermite-Hadamard type inequality 
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1. INTRODUCTION 


Convex functions are important and provide a base to build literature of mathematical 
inequalities. A function /: / M, where / is an interval in M is called convex if 

/(lx + (1 - l)y) < l/(x) + (1 - l)/(y) 

for all x,y G / and 1 G [0,1]. A classical inequality for convex functions is Hadamard’s 
inequality, this is given as follows: 



b 

a 


^ /(g) + f{b) 
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where /: / ^ E is a convex function for all a,b E I, a < b. This inequality is used to provide 
estimations of the mean value of a continuous convex function. 


In the meanwhile, preinvexity is a generalization of convexity for functions. Therefore, 
Hermite-Hadamard type inequalities for preinvex functions were obtained by many 
researchers. For examples, Hanson [2], Ben-Isreal-Mond [3], Pini [4], Mohan-Neogy [5], 
Weir-Mond [6], Yang-Li [7], Noor [8,9], Mishra [10], etc. They have studied the basic 
properties of the preinvex functions and on their role in optimization, variational inequalities 
and equilibrium problems. 

The classical Hermite-Hadamard type inequality for preinvex functions on [a, a + 7](b, a)] is 
as follows: 


/2a-I-r7(b, a)\ 1 f 


a+T](b,a) 


f(a) + f{b) 


In terms of probability theory, this inequality gives a lower bound and an upper bound for the 
expectation value of a random variable X which distributed uniformly on [a,b} [11]. 
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In a sence, a stochastic process is a temporal parameterized family of random variables on a 
probability space [6]. In other words, let (/2,3, P) be an arbitrary probability space. A 
function is called a random variable, if it is 3-measurable. Correspondingly, 

A:/c]Rxf2-»Mis called a stochastic process, if t G / is considered of a time parameter of 
the random function A(t, m) for all o) G 12. In this sense, researchers tackle many problems 
related convexity and inequality for stochastic processes privately [6]-[21]. 

Let us call up some basic notions related stochastic processes [6]. The process X is defined as 

(i) continuous in probability on I, if P — limX^t,-) = A(to,-) for to El, where P-lim 

t->to 

defined limit in probability. 

(ii) mean-square continuous at tg G I, if limE[X(t,-) — A(to,-)]^ = 0 where E[X(t,-)] is the 

t^to 

expectation value of X(t,-). 


Also, a stochastic process is mean-square continuous (differentiable) on /, if it is continuous 
(differentiable) on the interval I, 


(iii) increasing (decreasing) t < s (t > s) if A(t,-) < A(s,-) (X(t,-) > X(s,-)) for all t,s E I, 

(v) monotonic if it is increasing or decreasing, 

(vi) mean-square differentiable at a point t G /, if there is X'(t,-)\I x 12 M such that 

X (t,-) = P — lim -. 

t->to t tg 

(vii) mean-square integrable on [0, t] c I, iff 

limE I y A(0fc,-) . (4 - 4_i) - r/Ct,-) ) = 0. 

n^oo I / 

V/c=l / 

where 6^ E [t/<._i, t/,.] such that = 1, ...,n for 0 = tg < < •■• < = t is a 

partition o/[0, t]. Then almost everywhere, it can be sometimes showed with (a.e.), 


/ 


X (u,-)du = rjit,-) 


Concordantly, there are satisfactory evidence on similar results belong to stochastic processes. 
Nikodem [12] proposed convex stochastic process and its some properties in 1980. Some 
applications to stochastic convexity verified by Shaked et al. [13] in 1988. Jensen-convex, L- 
convex stochastic processes were introduced by Skowronski [14] in 1992. The classical 
Hermite-Hadamard inequality to convex stochastic processes was extended by Kotrys [15] in 
2012. Set et al. [16] obtained some inequalities for coordinated convex stochastic processes in 
2015. 


From 2018, Karahan et al [17,18,19,20] investigated multidimensional convex, s-convex, cp- 
convex, harmonically stochastic processes on n-coordinates and obtained Hermite-Hadamard 
type inequality for all of these processes. 

Moreover, Okur et al. [21,22] defined some extensions for preinvex stochastic processes and 
obtained some inequalities for these processes in 2014. Finally, Okur [23] verified some 
generalizations of Hermite-Hadamard type inequalities for two-dimensional preinvex 
stochastic processes in 2019. 
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2, PRELIMINARIES 


Let us recall some known results concerning invexty and preinvexity of stochastic processes. 

Definition 2.1([21]). A set / c is called invex with respect to the continuous function 
rj: I X I ^ M”, if t + trj{s,€) G E I,t E [0,1]- The invex set I is also called a rj- 

connected set. 

Definition 2.2([21]). Let / c be invex with respect to r;: / x / -» M”, A stochastic process 
A: / X n ^ M is called preinvex with respect to r;, if 

A(t + Ari(s, t),-) < (1 — l)A(t,-) + lA(s,-) 

for all t,s E I and A G [0,1] almost everywhere. If the above inequality is reversed, then X is 
said to be a pre-concave almost everywhere. Moreover, if we choose r]{t,s) = t — s, then X 
is a convex stochastic process. 

Mohan and Neogy [5] proved that an invex function is also preinvex under following 
Condition C. 

Condition C: Let I ^ he invex with respect to rj: I x I ^ EJ^. It is told that the function rj 
satisfies Condition C, if 

r]{s,s -h Aqit.s)) = -Aqit.s); 
r]{t,s -h Aqit, s)) = (1 - d)r?(t, s) 

for all t,s E I and A E [0,1]. Additionally, note that from condition C, we have 

r]{s -h A 2 r]is,t),s -h Aj^qit.s)) = (I 2 -li)r 7 (t,s), 
for all t,s E I and A, A^, I 2 ^ [0>1] 

Theorem 2.1([21]). Let X:[u,u -h rj(y, u)] x fi ^ (0, 00 ) be a preinvex stochastic process 
and u,v E 1° with u < u r](^v, u). IfX is mean-square integrable on [u, u-\-q{v, u)], then 
the following inequalitiy holds almost everywhere 

u+rjiv.u) 

2u + q(v, u) 

2 

U 

3. MAIN RESULTS 

The main goal of this section is to present Hermite-Hadamard type inequalities for preinvex 
stochastic processes with respect to r\ on n-coordinates. 

Let Ui,Vi be real numbers such that Uj < Vi for i = 1,2, ...,n, n > 2. We consider n- 
dimensional interval A” = — [0, 00 )”. 

Firstly, we give definition of preinvexity for stochastic processes with respect to r) on n- 
coordinates: 



< 


q(v,u) 




X(t,-)dt < 


X(u.-) + X(v.-) 
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Definition 3.1. A stochastic process X\ x D, ^ Wis called preinvex with respect to t] on n- 
coordinates if the stochastic processes 

== - - ti-i. t. ti+i- - - tn)/) (.0- e-) 

are preinvex with respect to t] on [Uj, Vj] for i = 1,2,..., n almost everywhere. 

Definition 3.2. A stochastic process X\A^x fl ^ W is said to be preinvex with respect to t] 
on A^ if the following inequality holds almost everywhere 

X ((t + Xpis. 0),-) < lX(s,-) + (1 - X)X{t.-) 

for all t = (ti,t 2 , ...,tyf),s = (5i,S2, —,Syf) G A^ and A G [0,1]. df the above inequality is 
reversed then X is said to be preconcave with respect to t] on A^. 

Lemma 3.1. Every multidimensional preinvex stochastic process with respect to q on A'^n is 
preinvex with respect to q on n-coordinates, but converse is not true. 

Proof. Let X: x 13 M be a preinvex stochastic process with respect to q on A^. Consider 
X].^ : [Uj, i^j] X 13 M defined by 

■■■ < ft —1'ft + l'■■■' fn)'"}’ t E: [n.pr’j]. 

Now for t,s G [Ui,Vi] andl G [0,1] almost everywhere 

((f + t)),-) := X ((ti,..., tj_i, ( t + Aqis, t)), tj+i,..., 

< ..., tj_i, s, tj+i,..., tn),-) + (1 - d)X((ti,..., tj_i, t, tj+i, ..., tn)r) 

= AXl(s,-) + (l-A)Xl(t.-) 

which implies Xl^ is preinvex with respect to q on [Uj, Vi], that is, is preinvex with respect 
to q on n-coordinates. For converse we give the following counter example: 

Example 3.1. Let us consider a stochastic process X\ [0,1]” x 13 M defined as 

:=3f((ti, ...,tj,-) = tit2 ... tn- 

for tE[Ui,Vi]. Moreover let be r;: [0,1]”[0, oo), q(^s,t) = s — t, for all 
t = (ti, t 2 ,..., = (si,S 2 , ...,5ji) G d”. Then X is not preinvex with respect to q on 

[0,1]”. 

Indeed, let us assume that X is preinvex with respect to q on [0,1]”, then we can write 
X (^(t + Aq(s, t)).’) ^ d3f(s,-) + (1 — A)X(t,-) (a. e.) 

for all t = (ti,t 2 , ...,t„), s = (si,S 2 , —,Sn) E d” and A E [0,1]. 

But for t = (1,1,,... ,1,0), s = (0,1,... ,1) G [0,1]”, we have 


4 



X ((t + lr7(s, t))/) = ^ (((1,1.1,0) +1((0,1.1) - (1,1,... 1,0)) ) ,•) 

= ;^(((1,1.1,0) +1(-1,0.0,1)),-) 

= X{(1-A, 1.1,1),-) =1(1-1) 

and since l'(t,-) = 0 and X(s,-) = 0 for t = (1,1,,... ,1, 0), s = (0,1,... ,1) G [0,1]”, then 
lX(s,-) + (1 - A)X(t,0 = 1.0 + (1 -1). 0 = 0. 

This gives 

X ((t + Ar](s, t)),-) > ll^(s,-) + (1 - l)l^(t,-) 

for all 1 G [0,1], that is, X is not preinvex with respect to rj on [0,1]”. That case is 
contradiction with preinvexity of X. 


From here on out, let us assume that the n-dimensional interval is A” = n[L]^[iij,iij + 
rj(Vi,Ui)] c [0,oo)^. 


Remark 3.1. 7/' A: A” x /2 M+ is a preinvex stochastic process with respect to rj on n- 
coordinates, then Xl^ : [iij,iij + r](^Vi,Ui)] x O ^ W is preinvex with respect to tj on [iij,iij + 
rj(Vi,Ui)] for each i = 1,2, ...,n. From Hermite-Hadamard inequality, 


XL 


'2Ui +q(iVi,Ui) 


<^r 


Ui+v(.Vi,u 0 xi (Uf,-) + Xi (vw) 

XL \ ^ (1) 


Theorem 3.1. Let A: A” x /2 M+ be preinvex stochastic process with respect to q on n- 
coordinates. IfX is mean-square integrable on [iij,iij + q(_Vi,Ui)] for each i — 1,2, ...,n, then 
we obtain almost everywhere 


” ^ .ut+v(vt,u0 / 2 ^.^^ + q(,Vi+^, Ui+L) 


" X rUi+r](vi,Ui) rUi+^+r]{Vi+^,Ui+^) 

~ ^ qiVi, Ui)qiVi+^, Uj+i) 4 . 4.^^ ^ 


+J7(vi+i,Wi+i) 


_ X rUi+7^(Vi,Ui} 


( 2 ) 


Proof. By applying Hermite-Hadamard’s inequality for the preinvex stochastic process Xl^^ 
on interval [iij+i,iij+i -I- q(Vi+i,Ui+i) ], we have almost everywhere 
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t-n 


'2Uj+i + r]ivi+^, 

^i+l) 


J r7(i;j+i,Uj+i)4 


^i+1 +r](vi+i,u 

i+i) 




< 




Since X is mean-square integrable on [Uj, Uj -I- r](vi, Uj)] for each i = 1,2,..., n, we get almost 
everywhere 


rjiv^ 


1 .V 

i’ ^t) Jui 


Ui+t](Vi,Ui) 


f^i+1 + ^t+1 \ j. 

I-2- 


Ui+ri(vi,Ui) ^Ui+i+?7(vi+i,Ui+i) 


< 




:—^dti+i dti 
i + lr^i + lJ Jui ‘^^i+1 


^Ui+?7(vi,Ui) 

;:7;:y J dti ■ 


< 


27) {v 


Taking summation from 1 to n we get (2). 

Theorem 3.2. Let X: A” x /2 -» M+ preinvex stochastic process with respect to p on n- 
coordinates. IfX is mean-square integrable on -I- p(_Vi,Ui)] for each i — 1,2, ...,n, then 

for M, V G A” we obtain almost everywhere 

” X rUi+v(Vi,uO 

Z 2p(Vi,Ui) i. ^ 


IL 


(3) 


1=1 


Proof. Since A:A” Xf2 M+ is a preinvex stochastic process with respect to p on n- 
coordinates, then for Xj-^ : -I- p(,Vi,Ui)] x f2 M+ is a preinvex stochastic process with 

respect to p on [Uj, Uj -I- p(Vi, Uj)] for each i = 1,2,..., n, we have almost everywhere 


1 pi 

i’ ^t) Jui 

1 pi 


, X(u,-)+Xi (vi,-) 

XL (ti,-)dti < Z 


Ui+v(vi,uO xi (Ui,-) + X(v,-) 

XL (LOdt < llLlZ — 


Adding above two inequalities we have 

-Ui+riiviMi) 

- _ I 

p{Vi 


1 pi'' 


[XL (L-) + XL (tir)]dti < 


x(u,-) -I- x(v,-) -I- XL (^t>0 + XL (tii,-) 
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Taking summation from 1 to n the above inequalities we get (3). 

Corollary 3.1. Let X\ x LI ^ be preinvex stochastic process with respect to rj on 2- 
coordinates. IfX is mean-square integrable on A^, then we get almost everywhere 

/2ui +r7(i;i,Ui) 2^2 +v(v2,U2y 

A 


1 

< - 
“ 2 




L, "[V" 2 

I rU2+v(V2,U2) I'I'2u^ + 111) 


+ 




x\ 


,t2 dt2 


'U2 


Ui+ri(Vi,Ul) rU2+V(V2,U2) 


< 


q{v^,uy)q{v2,U2) 


rUi-\-ri(Ui,UiJ rU 2 

Jui Ju2 


X((ti, t2),-)dt2dti 


< 


4q(v 


—f 

T. Wi) k 


Ui+? 7 (vi,Ui) 


[x((ti,U2),-) +x((ti,i;2),-)]c^ti 


+ 


— f 

^ 2 .^ 2 ) Jy 


Ul 

U2+V(V2,U2) 


< 


^V(.V2,U2)J^ [X((Ui,t2),-) +X((i;i,t2),-)]dt2 

X(iii,ii2),- +x((iii,i;2),-) +x((i;i,ii2),-) + X((v^,V2)r) 


Theorem 3.3. If X:A^xn^W+ is preinvex stochastic process on n-coordinates, then 
X^^\ [Uk,Uk + qCvk.Uk)] X n ^ M.+ is preinvex on [ui^.Uj^ + q(Vk>'^k)] for each k = 
1,2,..., n. From Hermite-Hadamard inequality, we have almost everywhere 

n-l 


ti, 

k = l 


2'Uk F q(Vk>^k^ "^^k + l VfOk + iitlk + i) 


, ..., t J, 


'I rWfc+?7(vfe,Wfe) 

~ F-‘J]{Vk,Uk)}^^ 


n-l 


k=l 


k=l 

1 




V(Vk,Uk)v(Vk+i,Uk+i) 


rUk+v(Vk’Uk) rUk+i+v(rk+i’^k+i) 

Jtii. J'lr. 


n-l 


Uk ■'Uk+1 

Uk+v(vk,Uk) 


ru.ki-iiyvk,u.k) 


n-l 


1V [ ., Uk, Uk+i, ..., tji),') + X(^(fi, ..., tk—\, Uk, Uk+1, ••• > fn)'") 


^ \ ' ^yyti, ..., tk—i,Uk,t. 

4^ _+XUti, ... ,tk-i,Uk, 


^ [+X(^(ti, ..., tk-1, Uk, Uk+1, ■■■ > fn)<') T -^((flj ■■■ > Ik-1> ^k> ^k+l> ■■■ > fn)<') 


■ (4) 
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Proof. Since X: A” x /2 ^ M+ is preinvex stochastic on n-coordinates, there for : [Uj, Uj + 
r](Vi,Ui)] X n ^ M.+ is preinvex stochastic process on [Uj, Uj + Uj)] for each i — 
1,2,..., n, we have on [Uj+i, ] almost everywhere 




'2Uj+i + r](Vi+i, 

^t+i) 


J r](Vi+i,Ui+^)J^ 


^i +1 +t](Vi+i,U 

i+i) 






< 


i+l / 
n 


All of sides of the above inequalities by integrating over [Uj, Uj + Tj(Vi,Ui)] 
rj(v 


1 pi 


Ui+v(vi,uO / 2ui+i +rj(Vi+i,Ui+i) \ 

trj I n ^ I i 


^Ui+?7(vi,Ui) ^Ui+i+?7(vi+i,Ui+i) 


■'Uf ‘'U; 

-Ui+?7(vi,Ui) 


< 


J~^j (^in^(Ui+l,0 + Xl + ^(Vi+i,0) dti. 


2r](Vi 


Again applying the Hermite-Hadamard inequality 

2Uj+r7(i;j,Uj) 2Uj+i+r7(i;j+i,Uj+i) 

^ I ti,..., , ,..., I ,• 


(5) 


<^r 


Ui+ri(vi,Ui) 


yi + l + 1 + ^t+l) \ 

t„ I ^ -•) i 


for each i G {1,2,..., n — 1} and also 

PPy J (x‘P(Ui+i,-) + dti 


2ri(Vi 


1 p 


Ui+ri(vi,Ui) 




Ui+t](Vi,Ui) 


( 6 ) 




1 

< - 
“ 2 


1 ■■■ r ^i — lr ^ir ^i + lf ■■ 

f ) ■■■ f ^i—lr ^i+lf ■■ 


■■■ f ^i—lf ^i+lf ■ 

2 

■■ - tn).-) + - - ti-1. ^0 ^i+l. 

■■ > fn)'’) 

..., tt—^t+1' ■■ 

2 

■ J ) ■■■ J ^i+lf ■■ 

> fn)'") 

..., tt-1' ^t+1' 

■■. tn)/) + . tf-l. 

■■ < ^n)’'\ 


(7) 


for each i G (1,2, ...,n — 1). Using the inequalities (6) and (7) in (5) and taking summation 
from 1 to n — 1, we have (4). 
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Theorem 3.4. Let X: A” x /2 ^ M+ be a preinvex stochastic process and be integrated in 
mean-square on A”. Then almost everywhere 


X 


f f2u^ +i7(i7i,ui) 

2j^n-l + VL^n-li^n-l) 

2u„+I7(i7„,uj^ ^ 

U 2 

2 

2 J’j 


Ui+ri(,Vi,Ui) rUn+v(Vn.Un) 


< 


. i=l 




■'Ui 


f 

Jti 


(tnr)dtn ...dti 


^ A(5u +(1-5)17,•), 


( 8 ) 




where /j(n) := (5 G Ng: 5 < 1, |5| = n + 1 — i, i = 1, ...,n + 1], |5| := 5^ + —I- 5„ G 

N; 5u\ = ..., Sypi^') G Nq for u,v E A”. 

Proof. Let ■— Then using (1), we get the following inequality for 

almost everywhere 


/"U„ + (Ji)„ \ 1 r^n 


XL ('^nr) + XI (Vn.O 


(9) 


By integrating on [Un_^, ], we get 

1 

1 

< 


1 /■‘“"-I /u„ + \ 

- X? ( r]dtn-i 

-1 - Un-i I , V 2 ’ ; ^ 1 


/•COn-l 

XL {tnr)dtndtn-i 

<^11^ ■, ^ 

1 r^^n-l X 

<-^- -;;- dtn-i. 

^n-l ^n-1 Ju, 


C^n-1 ^Ti-l)(^n ^n) 

(^^n.O 


( 10 ) 


From (5), (6), respectively 

xffh . 


l + ^n-l Un^] \ -(11) 

2 2 / y m„_i - Un-i \ 2 / 

^ rO)-fi--\ yTi 

^ -Z- 

^n-1 ^n-1 Jun-1 


n-^XL (Un,0+XL (Vn,-) 


dtyi-l 


2{(ji>r 


■y r<r>n-i -y r<r>n-i 

-r I (Un,-)dtn-i +777-7 I X^ (Vn,-)dtn- 

-1 - Un-i) L ' 2(m,_i - u,_i) I ' 


< 


•^((^1' ■■■ ’ ^n—1’ ^n)'"} + ■■■ < ^Ti—1' 

22 [+A((ti, ..., Un-i, vj,-) + ^((ti, ..., 17^-1,17„),-)J ■ 


( 12 ) 


From(10)-(12) 
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x[ u . 


Un—i "I" (^n—1 


''(x>n—i r(^n 

Xt 

‘-n 


(.^n-1 ^n—l)(.^n ^n) 




Un-^ •'U 


Integrating on [Un-z, 


1 p 

1-1 ~ ^Tl-l Ju, 


x\{h .■ 


) + ^((tl- ■■ 

■ ’ ^n-1’ ^n)<') 

■) + ^((tl- ■ 


1-1 + <^Tl-l 

1” ^n\ ^ 

2 

’ 2 )’)' 

r(x>n 




Jun 


■ ^((tl. 

^n-l’ ^n)<') 

+X((ti, ... 

> ^Tl-1< ^Tl)<') 

+X((ti, ... 

< ^n-1’ ^Ti)>') 

_+X((ti, ... 



d-tn-2- 


Similarly 


x\{h . 


Un-2 "I" ^n-2 ^n-1 ”1” *^n-l ”1” 


. """-1 (15) 

m„_2 - Un-2 L. yy 2 2 / y 


<^TI-2 ^TI-2 


r<^n-2 

1 1; 

Un),-) + 

X((ti, ... 

1 ^n—1’ ^n)i' 

-2 )u„_2 

22 [+X((ti, ...,u„_] 


-X((ti,. 

■■ ’ ^Tl-1> ^Tl)< 

■ x((tl,... 

■ j ^n—2' ^n—1' ) ■ 

■■ > ^n-2> 

^n-l< ^n)<') 

+x((tl,. 

■■) ^n—2’ ^n—1’ ^Ti)>') 

+ ^((tl- 

■■■,'^n-2 

> ^Tl-1< ^Tl)<') 

+x((tl,, 

..., Uji—i, ^ri)>') 

+ ^((tl- 

■■■,'^n-2 

> ^n-1’ ^Ti)<') 

_+x((tl, 

..., l^ri-l< ^Ti)<') 

+ ^((tl- 

■■■,'^n-2 

- ^^n-1. ^^n)/) 


From(14)-(16) 


^ f ^ ^ V (f j. ^n -1 1 ” *^n-l 1 ” \ 

“n-2 - U„_. ^(l''. 2 


/ 1 -r \ r>^n-2 r<^n-l 

IDz'^iL L. 


— 1 — y 
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■■■) ^n—2' ^n—1’ ■■■ I ^n—2> ^n—1’ 

^ 1 ..., 1^71—1, Hji),') + ..., 1^71—1, 

“23 +x((ti, ...,U„_2,U„_1,1^J,-)+x((ti, ...,i;„_2,u„_i,i^J,-) ■ 

_+X((ti, ... , U„_ 2 , ^n)r) + ^((ti, ..., Vn-2, ^n-V ^n)/)- 

Using inductive method for n = /c — 1, we obtain 

^((u^ + coi ^ 

. 2 )•') 

El \ r<^k-i I ^ 

^ I I -I (tn.-)dt/c-i-dti ^ ^ X(du + (1 - 

‘ V ‘'wi Ufc_i SEli(k-l) 

where /j(A: — 1) := {d G Ng: d < 1, |d| = /c — i; i = 1, ...,k,k E N}, |d| := d^ + —f d^i G 
N; du: = (diUi,..., S^Un') G Ng for u, i; G d”. 

Consequently, for n = k, we get (8) by using oj^ ■= + ri^v^, u^i). 

Example 1. Let X\A^ x 13 -» W+be a preinvex stochastic process and be integrated in mean- 
square on A^. Then almost everywhere 


2ui+r7(i;i,Ui) 2u2+q(y2,U2) 2u2 + 


-Ui+r](Vi,Ul) rU2+V(V2,U2) rUs+rjtVs.Us) 


qiv^,u^)qiv2,U2)q(,V2,U2) 

’^di^d ^2 di'^ 


^2’ ^s)’ 


A((Ui,U2,U3),-) + A((i;i,U2,U3),-) 

+A((ui, V 2 , Us),-) + x((v^, V 2 , Us),-) 

+A((Ui, U2, Vs),-) + x((v^, U2, Vs),-) 

+A((Ui, V2, Vs),-) + x((v^, V2, Vs),-) 

Proof. According to Theorem 2 for n = 3, we get Xt^ 3 (t 3 ,-) := A((ti,t 2 ,t 3 ),-) and /j(3) := 
{k ENI'.k < 1,\k\ — 4 — i},i — 1,2,3,4. Then 

/i(3) = {(1,1,1)}; 12(3) = {(0,1,1), (1,0,1), (1,1,0)}, 

ls(3) = {(0,0,1), (0,1,0), (1,0,0),}; U(3) = {(0,0,0)}, 

and for u = (u^, 112, Us), v = (r^, V2, Vs) G 

^ X( 5 u (1 — S)v,-) 

Se.I-i(3') 

= A((1,1,1)(Ui,U 2,U3) + [(1,1,1) - (l,l,l)](i;i,r2,1^3)/) = A((Ui,U2,U3),-); 
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^ X(Su + (1 - 5)vr) = X((0,1,1)(wi,W 2.W3) + [(1,1,1) - (0,1,1)](i^i, 1 ^ 2 ,i^’s),-) 

Se12(3) 

+ X((l,0,l)(ui, 112,^3) + [(1,1,1) - (1,0,1 )](i;i,i;2,i^3)--) 
+X((l,l,0)(ui,U2,U3) + [(1,1,1) - (1,1,0 )](i;i,i;2,i^3).-) 

= X{(u^, V2, + X{(u^, V2, Us),-) + X((ui, U2, Vs),-)] 


So, 


^ X(Su + (1 - 5 )v,-) = X{(v^,V2,Us),-) + X{(v^,U2,Vs),-) + X{(u^,V2,Vs),-)] 
^ X(Su + (l- S)v,-) = x{(v^, V2, Vs),-). 

Thus 


^ X(5ll + (1 — 5)i;,-) = ^((Wl, W2>W3)>’) 

j(3) 


+X((Ui,V2,Vs),-) + X{(u.i^,V2,Us),-) + X{(u.i^,U2,Vs),-) 

+x{iv^, V2, Us),-) + x((v^, U2, Vs),-) + x((ui, V2, Vs),-) + x((v^, V2, Vs),-). 
Using all of the above equalities in (13), we obtain the desired result in this example. 
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4. CONCLUSION 

In this paper, we obtained some new Hermite-Hadamard type inequalities for preinvex 
stochastic processes with respect to rj on n-coordinates. As special cases, one can obtain 
several new and correct versions of the previously known results for various classes of these 
stochastic processes. Applying some type of inequalities for stochastic processes is another 
promising direction for future research. 
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